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The co re  i n t e g r a l s  and e l e c t r o n  r e p u l s i o n  i n t e g r a l s  f o r  t h e  
2p71 S l a t e r  - type  o r b i t a l s  of t h e  a l l y l  r a d i c a l ,  t r imethylenemethyl  
r a d i c a l ,  and benzene molecule have been t ransformed t o  t h e  
cor responding  Lowdin or thogonal ized  b a s i s  se t  of a tomic o r b i t a l s .  
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A l l  t he  t ransformed mul t i - cen te r  non-Coulomb r e p u l s i o n  i n t e g r a l s  
are found t o  have reduced i n  magnitude. 
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1. I n t r o d u c t i o n  
I n  quantum chemistry,  o r t h o g o m l i z a t i o n  of b a s i s  f u n c t i o n s ,  when 
d e s i r e d ,  i s  u s u a l l y  carried ou t  by one of t h r e e  well-known methods. 
The most popular  i s  t h e  Schmidt process  of o r t h o g o n a l i z a t i o n  m. I f  
t h e  or thogonal ized  a r b i t a l s  i s  w r i t t e n  as 
where T i s  t h e  t r a n s f o r m a t i o n  mat r ix  and Qk are t h e  o r i g i n a l  
o r b i t a l  f u n c t i o n s ,  t h e n  t h e  Schmidt t r a n s f c r m a t i o n  h a s  z e r o  
Tk! 
f o r  k > l  . I n  t h e  second method of  o r t h o g o n a l i z a t i o n ,  one 
rJ 
d i a g o n a l i z e s  t h e  o v e r l a p  matrix S by s o l v i n g  t h e  e igenvalue  problem e 
r z -  F rv 0 
I f  F i s  t h e  e i g e n f u n c t i o n  matr ix ,  t h e n  T i s  g iven  by 
N fv 
The t h i r d  method, developed by L:wdin 
o r b i t a l s ,  and S i s  expanded i n  a power series i n  (S - 1 ) .  The 
r e s u l t i n g  t r a n s f o r m a t i o n  matrix T i s  symmetric. Car l son  and 
Keller c 3) have shown t h a t  t h e  Lowdin or thogonal ized  o r b i t a l s  
resemble t h e  o r i g i n a l  non-orthogonal o r b i t a l s  most by a least  
2 3 , s t a r t s  w i t h  normalized 
-4 
nl N N  
N 
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2 
squa res  c r i t e r i o n ,  t h a t  i s  
m r’ n ,) 1 qk - Ok I dv = minimum 
A 
( 1 . 4 )  
k 
On the  o the r  hand, i n  t h e o r e t i c a l  i n v e s t i g a t i o n s  of n - e l e c t r o n  
systems, the approximation known as zero  d i f f e r e n t i a l  over lap  (ZDO) 
has  o f t e n  been invoked, fo r  example, i n  t h e  s imple Huckel molecular 
o r b i t a l  method, or  i n  t h e  Pa r i se r -Pa r r -Pop le  semi-empir ical  approach 
11 
11 
The connect ion between the  Lowdin or thogonal ized  atomic o r b i t a l s  
(LOAO) and the  ZDO approximation has  o f t e n  been d i scussed ,  e .g .  by 
Par r r61 ,  and more r e c e n t l y  by Lykos C7J and by Fischer-Hjalmas 183 . 
I n  t h e  p r e s e n t  i n v e s t i g a t i o n ,  t h e  co re  i n t e g r a l s  c a l c u l a t e d  by 
t h e  method of Pa r r  and Mull iken E 9 3  and t h e  e l e c t r o n  r e p u l s i o n  
i n t e g r a l s  for  the  n - e l e c t r o n  systems of t h e  a l l y l  r a d i c a l  CH CHCH2 , 
t h e  t r imethylenemethyl  r a d i c a l  C(CH ) 
t ransformed t o  the  cor responding  LOAO b a s i s .  The r a d i c a l s  have 
been chosen because they r e p r e s e n t  two of t h e  s i m p l e s t  n - e l e c t r o n  
systems w i t h  non- ionic  resonance s t r u c t u r e s ,  and the  e l e c t r o n i c  
s t r u c t u r e  of  t h e i r  ground s t a t e s  have been f u l l y  i n v e s t i g a t e d  by 
L i n n e t t  and coworkers ClO-137. 
2 
and benzene C H have been 2 3 ’  6 6  
c 
J 
3 
where 
2 .  Ca lcu la t ions  - 
The Hamiltonian opera tor  i n  t h e o r e t i c a l  t r ea tmen t s  of f i -e lec t ron  
systems i s  u s u a l l y  w r i t t e n  as [14] 
i i < j  
f = k i n e t i c  energy o p e r a t o r ,  
?pJ = p o t e n t i a l  energy of e l e c t r o n  i n  t h e  
sigma framework due t o  nucleus t' , 
and, 8 ( i , j )  = l/r (2 .3 )  i j  
I f  $n i s  t h e  o r d i n a r y  2p11 atomic o r b i t a l  on nuc leus  n, t h e  
fo l lowing  r e l a t i o n  ho lds  c 9 3  : 
where W i s  the  i o n i z a t i o n  p o t e n t i a l  of  a 2p11 e l e c t r o n  i n  a 
2P 
2 carbon atom i n  s p  va lence  s t a t e .  Let us d e f i n e  t h e  fo l lowing  
m a t r i x  e lements ,  
and, 
Combining eqs .  ( 2 . 2 )  t o  (2 .7 ) ,  one can  e a s i l y  o b t a i n  
€ = W  s + i  
rJ 2P - N 
The ma t r ix  e lements  f are c a l l e d  the  co re  i n t e g r a l s  c 9 ]  , and 
have t h e  va lues  of imn, r e l a t i v e  t o  W as z e r o  of ene rgy .  To 
avoid confusion,  we s h a l l  c a l l  f t h e  t o t a l  c o r e  i n t e g r a l s ,  and 
i t h e  r e l a t i v e  co re  i n t e g r a l s .  
mn 
2P 
mn 
mn ' 
2.1 .  R e l a t i v e  co re  i n t e g r a l s  
Using the  Goepper t -Mayer and Sk la r  approximation [ 15 , 
n e g l e c t i n g  the hydrogen atoms, t h e  r e l a t i v e  co re  i n t e g r a l s  can  be 
eva lua ted  [93  by 
i mn = -1 [ ( r  : mn) + ( m n ; r r ) ]  , (2 .9)  
5 
where 
e l e c t r o n  r e p u l s i o n  i n t e g r a l s  are def ined by 
( r  : mn) a r e  the  p e n e t r a t i o n  i n t e g r a l s  c157 , and, t h e  
(2. l o )  
There are a v a i l a b l e  s e v e r a l  t a b l e s  of p e n e t r a t i o n  i n t e g r a l s  
c16-213 , which a r e  e i t h e r  no t  s u f f i c i e n t l y  a c c u r a t e  or  inconvenient  
f o r  our use h e r e .  
formula [16]  
c e n t e r  p e n e t r a t i o n  i n t e g r a l s  a r e  approximated by 
Therefore ,  they  a r e  r e c a l c u l a t e d  w i t h  S k l a r ' s  
, as c o r r e c t e d  by Parr  and Crawford [17] . The t h r e e -  
where 9, i s  a S l a t e r  2p1-i atomic o r b i t a l  l oca t ed  midway between 
atoms k and 
Throughout t h i s  work, S l a t e r  2p11 atomic o r b i t a l s  w i th  
Z = 3.18 are used, and a p l ana r  a romat ic  s t r u c t u r e  i s  assumed. 
The d i s t a n c e  between ne ighbor ing  n u c l e i  i s  taken  t o  be 
8 o  37 = 2.632075 bohr , 3.18 
a cho ice  d i c t a t e d  by t h e  a v a i l a b i l i t y  1 2 2 3  of t h e  mul t i - cen te r  
r e p u l s i o n  i n t e g r a l s .  
The ove r l ap  i n t e g r a l s  smn c a l c u l a t e d  u s i n g  Roothaan 's  
formula E233 , t oge the r  w i t h  a l l  t h e  two-center p e n e t r a t i o n  i n t e g r a l s  
needed, a r e  l i s t e d  i n  Table 1. 
6 
All t he  r e p u l s i o n  i n t e g r a l s  except  one have been t a b u l a t e d  i n  
t h e  l i t e r a t u r e  [ 1 3 , 2 2 1  
which i s  eva lua ted  wi th  Roothaan’s formula 1 2 3 3  t o  be 0.182605 
The excep t ion  Is (11 ;44)  f o r  benzene, 
har  t r e e .  
The r e l a t i v e  co re  i n t e g r a l s  i computed w i t h  eqs .  (2 .9)  mn ’ 
and (2.11), a r e  l i s t e d  i n  Table 2.  The numbering i n  t h e  t h r e e  
systems i s  as fo l lows:  
I’ 
2 . 2 .  L;wdin o r t h o g o n a l i z a t i o n  
The atomic o r b i t a l s  a r e  now transformed i n t o  MA0 by eq .  (1.1), 
where 
T = s-’ = 1 - k ( s - 1 )  + 3 / 8 ( ~ - 1 ) ~  - 5 / 1 6 ( ~ - 1 ) ~  + 0 . -  (2 .12)  
I V N  & 8 u -  N N  n#N 
The s e r i e s  is  cont inued u n t i l  t he  t ransformed ove r l ap  ma t r ix  i s  a 
u n i t  m a t r i x  t o  b e t t e r  t han  1 x , t h a t  i s  
(2.13)  
All d i s t i n c t  e lements  o f  T a r e  l i s t e d  i n  Table  2 .  
N 
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2 . 3 .  Transformed i n t e g r a l s  
The t ransformed i n t e g r a l s  i n  the LOA0 b a s i s ,  cor responding  t o  
i and f are def ined  by 
#v A#' 
( 2 . 1 4 )  
( 2 . 1 5 )  
and 
(1>2)+b(1)$d(2) > ' ( 2 0  16) 
It follows t h a t  t h e  t ransformed i n t e g r a l s  are g iven  s imply by 
I = T i T  
N "& ' 
F = T f T  = W 1 4 - 1  
N " N  2 p t u  N '  
and 
[ab;cd] =l (kl; mn) T ka T l b  T mc T nd ' 
(2 .17)  
(2.18) 
(2 .19)  
k l m n  
The t ransformed r e l a t i v e  co re  i n t e g r a l s  I a r e  l i s t e d  i n  Table  3, 
and t h e  t ransformed r e p u l s i o n  i n t e g r a l s  i n  Tables  4 t o  6 . 
mn 
[ab ;cd]  
3. Discuss ion  
The r e s u l t s  on r e p u l s i o n  i n t e g r a l s  confirm t h e  f i n d f n g s  of  
McWeeny [ 2 4 ]  t h a t  [ab;cd] 
type  Caa;ccJ . This  j u s t i f i e s  t h e  n e g l e c t  of non-Coulomb-type 
r e p u l s i o n  i n t e g r a l s  i n  t h e  P a r i s e r - P a r r - P o p l e  approach, which i s  
a p p l i e d  with ZDO approximation. 
i s  q u i t e  small  except  f o r  t h e  Coulomb 
The one-center c o r e  i n t e g r a l s  show a dependence on t h e  p o s i t i o n  
of  t h e  c e n t e r  a s  w e l l  a s  on t h e  p a r t i c u l a r  molecule.  T h i s  may cas t  
doubt on the assumption o f  a s i n g l e  v a l u e  f o r  t h e  parameter  OC i n  
a 
t h e  semi-empir ical  approach. F u r t h e r  work i s  planned i n  t h i s  
d i r e c t i o n ,  as  w e l l  as i n  making use of  t h e  p r e s e n t  r e s u l t s  i n  o t h e r  
c a l c u l a t i o n s ,  such as s t a r t i n g  w i t h  LOA0 i n  Coulson-Fischer 1 2 5 3  
type  wave func t ions ,  o r  i n  non-paired s p a t i a l  o r b i t a l  f u n c t i o n s  C l 0 , l S l  . 
The author  i s  g r a t e f u l  t o  P r o f e s s o r  W .  Byers Brown f o r  
r e a d i n g  t h e  manuscript .  
9 
c 
r 7 1  
C81 
PI 
r d  
References 
Messiah, A . ,  1961, Quantum Mechanics, volume 1 (New York: Wiley),  
p .  173. 
Lowdin, P . -o . ,  1947, Arkiv. Mat. As t r .  Fys. ,  35A, No. 9.  
Carlsoy,  B .  C . ,  and Keller, J. M . ,  1957, Phys. Rev., 105, 102. 
P a r i s e r ,  R . ,  and P a r r ,  R ,  G o ,  1953, J. chem. Phys, ,  2 1  466, 767. 
Pople ,  J. A . ,  1953, W n s .  F a r .  Soc. &9 1375. 
P x ,  R .  G . ,  1963, The Quantum Theory o f  Molecular E l e c t r o n i c  
S t r u c t u r e  (New York: Benjamin). 
I !  
h/v\’ 
M/\ 
- -’ 
M’I 
-
Lykos, P. G . ,  1965, Advances i n  Quantum Chemistry, volume 1, 
ed.  P. 0. Lowdin (New York: A c a d e m i c ) ,  
-
II 
Fischer-Hialmas,  I . ,  1965, J. chem. Phys. ,  42 1962. 
P s ,  R. G.  and Mull iken,  R.  S. , 1950, J. chem. Phys., 18 
1338. 
- MJ 
MY 
H i r s t , ,  D .  M . ,  and L i n n e t t ,  J. W . ,  1962, J. chem. SOC.,  
1035, 3844. 
C a  D. P. and Linnet t ,  J. W . ,  1964, Mol. Phys, ,  8 t  151. 
Chong, D P . ,  and L i n n e t t ,  J .  W . ,  1964, Mol. Phys , 2, 541. 
Chonq, D. P . ,  and L i n n e t t ,  J. W . ,  1965, J. chem. SOC.,  1798. 
-, f u  
-
-
Daudel, R . ,  Lefebure,  R . ,  and Moser, C . ,  1959, Quantum 
Chemistry (New York: I n t e r s c i e n c e ) ,  pp.  486ff .  
Goeppert-Mayer, M.  , and S k l a r ,  A .  L. , 1938, J. chem. Phys. , - 
6, 645. 
Iv 
SkPar, A .  L. and Lyddane, R .  H . ,  1939, ,-To chem. Phys., - 
7, 374. 
N 
10 
R e  f e r  ence s (cont inued ) 
[ 1 7 ]  
[18] 
P s ,  R .  G. and Crawford, B.  L . ,  1948, J. chem. Phys. ,  16, 1049. 
PE, R.  G . ,  Craig, D. P., and Ross,  I. G , ,  1950, J. chem. Phys. 
18 1561. 
MJ 
B e r t h i e r ,  G . ,  1953, J. Chim. phys . , 50, 194. 
Lofthus,  A . ,  1961, Mol. Phyg., 2, 209. 
G u e r i l l o t ,  C .  R . ,  L i s s i l l o u r ,  R . ,  and B o t r e l ,  A . ,  1965 
Theore t .  chim. Acta, 2, 111. 
Karp lus ,  M . ,  and S h a v f t t ,  I , ,  1963, J. chem. Phys., 38, 1256. 
Roothaan, C .  C .  J. ,  1951, J. chern. Phys., 19, 1445. 
McWeeny, R . ,  1954, M. I. T. S o l i d  S t a t e  and Molecular Group, 
Q u a r t e r l y  Progress  Report ,  11, 25. 
Coulson, C .  A . ,  and F i s c h e r ,  I., 1949, P h i l .  Maq., 40, 386. 
- rv\ 
- - -
[ 1 9 1  
E 2 0 1  
[ 2 1 3  
[22] 
[23]  
c 2 4 3  
* 
- 
M 
[25] 
Table 1 Input i n t e g r a l s  
11 
mn 
R S mn (m : nn) har trees 
(m : mn) 
har t rees  
A t  0.3010320 
2A 0.2599520 0.0314152 0.0693913 
f i A  0.0054776 
3A 0.0019693 
2 f i A  0.0004879 
J E A  0.0003155 
4A 0.01772265 0 00009 14 0.0013565 
0.0040005 0,03886876 
' 37 bohr 3.18 2A = 
1 2  
Table 2 I n t e r  med i a  t e r e s u  1 t s 
A l l y l  T r  irnethylene- 
Ma tr i x  m n r a d i c a l  methyl r a d i c a l  Benzene 
~~~~~~ ~ 
2 2 -0.726506 -1.089760 
1 1 -0.572126 -0.780999 - 1.326948 
har t r e e s  1 2 -0.260763 -0.330380 -0.433872 
i 
N 
1 3 -0.045723 -0.05580'1 -0.075074 
1 4 -0.031044 
T 
U 
2 2 1.0543215 1 08 30548 
1 1 1.0268716 1.0270909 1.0549169 
1 2 -0.1377590 -0.1398510 -0.1402838 
1 3 0.0068517 0.0070710 0.0094137 
1 4 -0.0063760 
13  
t Table 3 Transformed r e l a t i v e  core  i n t e g r a l s ,  h a r t r e e s  
A l l y l  Trimethylene- 
Mat r ix  m n r a d i c a l  methyl r a d i c a l  Benzene 
~ 
2 2 -0.679535 -1.030421 
1 1 -0.543477 -0.750688 -1.275621 
1 2 -0.100593 -0.096919 -0.099020 
1 3 +O. 0042 14 +O. 003837 +O. 002430 
1 4 -0.002002 
f The s i x t h  decimal p l a c e  may c o n t a i n  accumulative rounding-off  
e r r o r s .  
14 
[ab;cd] 
Table 4 Transformed r e p u l s i o n  i n t e g r a l s  f o r  a l l y l  rad ica l ,  
h a r t r e e s  t 
a b c d  [ab ; cd] a b  c d  
1 1 1 1 0.634403 
2 2 2 2  0.647147 
1 1 2 2  0.325417 
1 1 3 3  0.205116 
1 2 1 2  0.003575 
1 1 1 2 -0.003415 
1 2 2 2  -0.003526 
~~ ~~ 
t See f o o t n o t e ,  Table  3 
1 1 1 3 -0.000218 
1 1 2 3 -0.001863 
1 2 1 3 -0.000105 
1 2 2 3 -0,000166 
1 3 1 3 0.00005 1 
1 3 2 2 -0.001168 
1 5  
Table 5 Transformed r e p u l s i o n  i n t e g r a l s  f o r  
tr i m e  thyleneme t h y 1  r a d i c a l ,  har  t r e e s  t 
a b  C d [ab;cd]  a b c d  I Lab ; cdJ 
1 1 1 1 0.634457 
2 2 2 2  0.661220 
1 1 2 2  0.328231 
1 1 3 3  0.205104 
1 2 1 2 0.003745 
1 1 1 2 -0,003526 
1 2 2 2  -0.004065 
1 1 1 3 -0.000205 
1 1 2 3 
1 1 3 4  
1 2 1 3 
1 2 2 3 
1 2 3 4  
1 3 1 3 
1 3 1 4  
1 3 2 2  
-0.001921 
- 0.000854 
-0.000126 
-0.000072 
-0.000096 
0.000054 
0.000013 
-0.001086 
? 
f See foo tno te ,  Table 3 
16 
Table 6 Transformed r e p u l s i o n  i n t e g r a l s  f o r  
t benzene, har  trees 
a b C d [ab ; cd] a b  c d  cab ; cd] 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
2 
3 
4 
1 
1 
1 
1 
1 
1 
1 
1 
1 
2 
3 
4 
1 
1 
1 
1 
1 
1 
2 
2 
2 
2 
3 
1 
2 
3 
4 
2 
3 
4 
2 
3 
4 
3 
4 
5 
6 
4 
0.647337 
0.328156 
0.205545 
0.179853 
0.003672 
0.000045 
0.000015 
-0.003698 
0.000100 
-0.000940 
-0.002118 
0.000878 
0.000314 
-0.001068 
0.000771 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
2 
2 
2 
2 
3 
3 
2 
2 
2 
2 
3 
3 
3 
4 
3 
1 
1 
1 
1 
1 
1 
3 
3 
3 
4 
2 
2 
4 
2 
5 
3 
4 
5 
6 
4 
5 
4 
5 
6 
5 
4 
5 
6 
5 
t See footnote ,  Table  3 
0.000744 
-0.000130 
0.000058 
0.000091 
-0.000176 
0.000001 
-0.000001 
0.000244 
0.000010 
0.000057 
0.000092 
0.000019 
0.000008 
0.000005 
0.000003 
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A mis take  has  been d iscovered  i n  one of t h e  inpu t  ca rds  
f o r  t h e  case  of  t h e  t r imethylenemethyl  r a d i c a l .  This  e r r o r  h a s  
l e d  t o  i n a c c u r a t e  va lues  f o r  most of t h e  i n t e g r a l s  f o r  t r ime thy lene -  
methyl .  They should be c o r r e c t e d  as fo l lows:  
I n  Table  2 on page 12, t h e  core  i n t e g r a l  i should be 14  
-0.054641, 
should r ead  -1.030285, -0.750656, -0.097256, and +0.005078. F i n a l l y ,  
t h e  e n t i r e  Table 5 should  be  rep laced  by t h e  fo l lowing  one. 
The column of e n t r i e s  f o r  t r imethylenemethyl  i n  Table  3 
Table 5 Transformed repulsion integrals for 
+ trimethylenemethyl radical, hartrees 
a b C d [ab;cd a b C d [ab;cd] 
~~~ ~~ 
1 1 1 
2 2 2 
1 1 2 
1 1 3 
1 2 1 
1 1 1 
1 2 2 
1 1 1 
0.6 3445 4 
0.660782 
0.3 2815 7 
0.205 102 
0.00367 1 
-0.0035 12 
-0.003752 
-0.000207 
1 1 2 3 
1 1 3 4 
1 2 1 3 
1 2 2 3 
1 2 3 4 
1 3 1 3 
1 3 1 4 
1 3 2 2 
-0.001907 
-0.000856 
-0.0001.13 
-0.000145 
-0.000082 
0.00005 2 
0.000011 
-0.001 15 9 
+ See footnote, Table 3 
